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ABSTRACT

This paper investigatesthe limits of the predictions basedon
the classical progress rate theory for Evolution Strategies.
We explain on the sphere function why positive progress
rates give convergencein mean, negative progressrates di-
vergencein mean and show that almost sure convergence
can take place despite divergencein mean. Hence step-sizes
assciated to negative progresscan actually lead to almost
sure convergence. Based on these results we provide an al-
ternativ e progressrate de nition related to almost sure con-
vergence. We presert Monte Carlo simulations to investigate
the discrepancy between both progressrates and therefore
both typesof convergence. This discrepancy vanisheswhen
dimension increases. The obsenation is supported by an
asymptotic estimation of the new progressrate de nition.

Categories and Sub ject Descriptors: G.1.6 [Numerical
Analysis]: Optimization| Global optimization,Unc onstrained
optimization ; F.2.1[Analysis of Algorithms and Problem Com-
plexity]:Numerical Algorithms and Problems

General Terms: Algorithms, Theory

Keyw ords: Evolution Strategy, theory, progressrate, con-
vergencerate

1. INTRODUCTION

Sincethe intro duction of Evolution Strategies (ES) in the
mid-sixties, theoretical investigations [3, 6] mainly focused
on investigating the so-called progress rate de ned as the
expected progress from one step of the algorithm to the
next. In caseof a spherical tness function® the normal-
ized progressrate obeys

kXnk kXn+ k

= d E Tnk Xn ) (1)
1A spherical (isotropic) tness function f : RY! R can be
expressedas f (x) = g(x"x), where g : R ! R is strictly

increasing. Surfacesof equal tness of f are hyperspheres.
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where d is the dimension of the seard space,n the discrete
time index and (Xn)n2n the sequenceof random variables
modeling the algorithms ewvolution in seard spacethat is
assumedto take non-zero values except on a set of proba-
bilit y zero. Most estimations given for the progressrate '
are asymptotic in the dimension d.?

We give a simple example, where the progressde nition of
Eq. 1fails to re ect what is actually observwedin reality. Con-
sider a sequenceof X, where the seard algorithm is step-
ping forward and backward, and forward and backward,. ..,
always by the same amount respectively; say kXok = 1,
kX1k = 0:5, kX2k = 1, kX3k = 05, kXsk = 1,... Con-
sequerlly (kXnk kXn+1 k)=kXnk equalsto +0:5 for even
n and 1 otherwise, while, in contrary, the same distance
is covered in even and odd steps. The resulting negative
progress value for even time steps is, in absolute terms,
greater than the resulting positive progress value for odd
time steps, suggesting divergert behavior of the sequence.
Divergencestands in contrast to kXok kX,k2 f0;0:5g 0
for all time stepsn. In this paper we will seethat the de-
fectin ' , obsened in this simple example, carries over to
stochastic random sequenceskX ,k (even though kXnk is
deterministic in our example, X, can be stochastic) and
also applies to the evolution strategy. The defect can be re-
solved by using di eren t meansof analysis leading to a hew
progressde nition.

When analyzing the convergenceof a sequenceof random
variables seweral notions of convergenceexist. In this paper
we will focus on

1. convergencein mean, assciated to the expected progress
rate

A sequence of random variable (Xn)n2n CON-
verge in mean to X if
nI!|1m E(jXn Xj)=0:

2. almost sure convergence, which is more desirable to
re ect what is obsered in single instances.

A sequenceof random variables (Xn)n2n CON-
verges almost surely or with probabilit y one to
the random variable X if:

anl!|lm Xn=Xg=1

2The conditioning in Eq. 1 should not be omitted in general.
However, we will seethat for the so-called scale-irvariant al-
gorithm the conditional expectation in the right-hand side of
Eqg. 1is equalto the (unconditional) expectation (Lemma 1).



which means that the events for which X, does
not converge to X have probabilit y 0. Under
these conditions we use the notation

lim X, = X as.
n!l

For the investigation of di erent typesof convergencesthe
reader is also referred to [7].

Positive progress,asde ned in Eq. 1, and convergencein
mean are equivalent for the following algorithm * minimizing
f(x) = kxk? [1]:

Xne1 = arg min - KXp + %Ni(o;ld)k2 )
I
where 2 R* and Ni(O;Id) fori = 1::: are inde-

pendernt Gaussian random vectors with mean zero and co-
variance matrix |4. This algorithm is related to the (1; )-
evolution strategy and the natural question of convergence
related to convergencein mean or almost sure convergence
arises.

The organization of the paper is the following. In Sec-
tion 2 we construct a simple example to illustrate the dis-
crepancy betweenconvergencein mean and almost sure con-
vergence. Section 3 explains the link between convergence
in mean and maximization of the progress rate and ana-
lyzes convergencein mean and almost sure convergence of
the algorithm from Eq. 2. From the dierent convergence
rates (asscciated to dierent types of convergence), a new
progressrate de nition related to almost sure convergence
is derived. Numerical investigations of the di erent conver-
gencerates are preserted in Section 4. Finally we derive in
Section 5 asymptotic approximations for the new progress
rate de nition. Section 6 discussesthe practical relevance of
our results and Section 7 givesa summary and conclusion.

2. AN INTRODUCTORY EXAMPLE

We start by constructing a simple example of a sequence
of random variables (Xn)n2n 2 R to illustrate how predic-
tions based on the expectation E(X,) can give the wrong
intuition of what actually occurs during one simulation.

Let Xo 2 R*'nfOg and let the random sequenceX, be
recursively de ned by

Xn+s1 = XnY (3)

whereY is an independert random variable with parameter
2 R nfOg. As an example we take for Y a log-normal
distribution multiplied by
Xns1 = Xn  exp(Na(0;1)) ; 4

where N, (0;1) are independent normal random variables

with mean 0 and standard deviation 1. SinceE (exp (N (0;1))) =

exp(1=2) we have
E(Y )=
and sinceln(Y ) = In( ) + Nn(0; 1) we have

E(n(Y ) =In( ) :

exp(1=2)

3For convenience and brevity we will simply use the term
algorithm for a sequenceof random variables that models
an algorithm running on a function to be minimized.
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Figure 1: Ten realizations of the random sequence
dened in Eq. 4 with = 08 and Xo = 1. The
dashed line represents E(Xn) = ( exp(1=2))", the
dashed-dotted line (within the set of curv es) depicts
exp(E(In Xn)) = ". We can observ e convergence of
those 10 samples despite the div ergence in mean.

Div ergence in mean, almost sure convergence . By
taking the expectation of Eq. 4 we obtain that

E(Xn+1) = E(Xn) exp(1=2) : (5)

This equation shows that for > 1:pé 0:6065 the se-
qguenceof random variatHes (Xn)n2n divergesin mean. How-
ever for = 0:8 > 1=" e we obserw that samples of the
sequenceof random variables convergeto zero asillustrated

in Fig. 1. We precisein the following proposition when con-
vergencein mean and almost sure convergencetake place for

the sequencede ned with Eqg. 4.

Pr oposition 1. Let (X, )n2n~ bethe random sequene de-
ne d with Eq. 4 with E(Xo) < +1 .

1. The sgquene In(X,) is a random walk, i.e.

IN(Xns1) = IN(Xn) + In( )+ Nn(0:1) :  (6)

2. Almost surely

nI'ilm %(In(xn) In(Xo)) = In( ) @)

3. In mean
E(Xn) = E(X0) ( exp(1=2))" ®)
proof: By taking the logarithm of Eq. 4 we obtain Eq. 6.

Equation 8 results from iterating Eq. 5. For the almost sure
convergence,we sum both sidesof Eq. 6 and obtain:
X 1 X 1 X 1
IN(Xk+1) = In(Xx)+ nin( )+
k=0 k=0 k=0

Nk (0; 1)

which simplies to

1
In(Xn) = In(Xo)+ nin( ) + Nk (0; 1)
k=0



and dividing by n yields
X 1

Nk(0;1) :
k=0

%(m(xn) In(Xo)) = In( )+ %

From the Strong Law of Large Numberswe have that almost
surely
X 1
lim = Nk (0;1) = E(N(0;1)) =0 :
n'l n k=0

Equation 7 follows. ([l

From Proposition 1 followsthat for suchthat exp(1=2)
is greater than 1 and In( ) is negative, divergencein mean
occurs though almost sure convergencetakesplace, which is
the caseillustrated in Fig. 1.

Corollar y 1. For 1=p e< < 1 thereis almost sure

convergene of (Xn)n2n and divergene in mean.

For < 1:p eand > 1 the results almost sure versusin

mean agree.

3. NEGATIVE PROGRESSBUT CONVER-
GENCE TOWARDS ZERO

In this section we prove that the previous phenomenon
can also be obsered with the progressrate approach for
Evolution Strategies. For step-sizesassiated to a negative
progress (de ned in expectation), almost sure convergence
of the algorithm can occur.

3.1 Equivalencebetweenprogressate andcon-

vergenceof the scale-irvariant algorithm

Weconsidera (1; )-ES, asimple non-elitist strategy where
negative progress exists. The tness function that we con-
sider is the so-called d-dimensional sphere function

i=1
to be minimized. At ead generation n a parent, X, creates
o spring with the so-called mutation operator

X,i1 = Xp + Ni(O;Id) fori=1;:::;
where 2 R' is the step-sizeand N'(0;1q) ,, are
independert instances of a Gaussian random variable with
zero mean and identity covariance matrix. The best o -
spring is selected to becomethe next parent X,+1. One

iteration of the ES running on the sphere function can be
summarized by the following equation:

n _ o
Xnw = arg min - KX + N'(0;1g)K* (9)
I
Due to the invariance of the ES against order preserving
transformations of the tness values, the previous equation
is equivalent to

n [0}

Xne = arg min - kXp + N'(O;lg)k @ (10)

We now introduce the notation N (0;14) to denote the
selectedrandom variable, i.e.

Xns1 = Xn+ N (0;1q) : (11)

The classical progress rate approac h. The progressrate
approach [3, 6] consists in looking for  maximizing the
progressrate de ned in Eq. 1. This progresscan be rewrit-
ten as

Fo=d k)k(;:kk "
or, in caseof the (1; )-ES on the spheremodel, we can write
C2d 1 E kXM N (0;1a)k Xn
kXnk  kXnk
Usually the so-called normalized step-size = ﬁ is in-

tro duced [3] and the approach consistsin trying to nd
maximizing

. Xn . . )
=d 1 E ket gN @k Xo o (12)

Actually the distribution of the random variable ki g2y +
<N (0;14)k doesnot depend on X, and more speci cally
we have:

Lemma 1. The distribution of the random variable k g2+
<N (0;14)k does not degend on X, and is the sameas the
distribution of

ket N (Oila)k= min ker+ —N'(O:lok  (13)
I

where e; = (1;0;:::;0) is the rst unit vector.

This result has beenfor instance usedin [4]. With Lemma 1
Eq. 12 simplies to

"' =d 1 E ke + FN 0; 1a)k ; (14)

specifying the classical progressrate of the (1; )-ES on any
unimodal isotropic function.

Convergence of a scale-in varian t algorithm . Werecall
in this section how the progressrate given in Eq. 14 relates
to the convergenceof the scale-invariant algorithm (X,)n2n
[1] de ned as:

KX n + N'(0;14)k (15)

Xns = arg min k;(”k

is chosenat eath
kX n k
—a

derived from Eg. 10 where the step-size
step proportional to the norm of the parent, =

Lemma 2. For the algorithm de ned in Eg. 15, the fol-
lowing holds

-_— Xn .
KXt k= KXo Kk + N (03 1ok (16)

KXns1 k _ n .
e T kgt N (05 1a)k
is independent of kX, k and is distributed askei+ N (0;14)k
de ned in Eq. 13.

where the random variable

pr oof:
that

Taking the norm in both sidesof Eq. 15 we have

kX nk

KX + N'(0;14)k

kXn+1 k= lmin
I



where we can factorize kX k:

Xn i .
kXK + FN (O,|d)k

KXne1 k= KXok min K
I

Using the notation for the selected (N'(0;14))1 i we
have:
KXo k= KXnkki XD 4 N 0; 1)k :
T A Xk T d B
The independenceis implied from Lemma 1 stating that the
distribution of ki + N (0;14)k is independert of X .
|

From Lemma 2 and Lemma 1 we deducethe convergence
in mean for (X, )n2n de ned in Eq. 15.

Pr oposition 2. For the algorithm de ned in Eq. 15, with
E(kXok) < +1 the following holds:

E(KXn+1 kjXn) = KXokE ker+ N (Oila)k  (17)

and
n
E(kXnk) = E(kXok) E kep + FN O; 14)k (18)
f n
= E(kXok) 1 e (29)
proof: Wetake the conditional expectation of Eq. 16. Ac-

cording to Lemma 1 the distribution of k §:k+ N (0;1q4)k
is the sameas the distribution of ke; + N (0;l4)k and is
independert of kX k, therefore Eq. 17 follows. Taking again
the expectation gives

k

E(KXni1 k) = E(RXnK)E ke + N (0:1a)k

Iterating yields Eq. 18, substituting with Eq. 14yields Eq. 19.
O

Proposition 2 states that convergencein mean of the algo-
rithm de ned in Eq. 15 occurs for positive progresswith a
convergencerate equal to

E ket+ —N (0;lg)k =1 — (20)
d d

and divergenceoccurs for negative progress. Moreover we
seewith Eqg. 20 that the highest convergencerate is assai-
ated to the  that maximizesthe progressrate ' . Accord-
ing to Eq. 17 for positive progressor equivalently whenever
convergencein mean occurs, kX k is a positive supermartin-
gale, i.e. E(kXn+1 kjXn)  kXnk. The positivity and the
supermartingale property implies almost sure convergence
[9]. In the next sectionwe nd for somevaluesof  almost
sure convergencewhereas EkX , k diverges.

3.2 Convergencedespitea negative progress

For the scale-invariant algorithm (Eq. 15), Lemma 2 shows
that kXn+1 k is the product of kX, k and the independert
random variable kkiﬁ + 4N (0;14)k. Therefore Eqg. 15
is an instantiation of Eq. 3. As pointed out in Section 2
the analysis of the expectation of Eq. 3 does not necessar-
ily reect what is observed for samples of the algorithm.
Figure 2 illustrates that for = 3:133, assaiated to neg-
ative progressin dimension 3 (or equivalently to divergence

1 040

Figure 2: Ten realizations of the algorithm from

Eq. 15 for = 3133 dimension d = 3, = 5
and kXok = 1. The increasing dashed line depicts
kXok (1 ' =d)", the decreasing straigh t line de-
picts kXok exp( ' ,,=0)". Both terms are mo deling

kX n K.

in mean of the random sequencegiven in Eq. 15), almost
sure convergenceoccurs. This is related to the same e ect
than the one obsened in Section 2: almost sure convergence
can happen without convergencein mean. The almost sure
convergenceof the algorithm Eq. 15 was analyzed in [4].

Pr oposition 3 (almost sure conver gence). For the
algorithm de ned in Eq. 15, the following holds

lim 1(In kXnk InkXok) (22)
nl'l n
= E Inke + FN ©O;1¢)k a.s.

or equivalently

lim Xk
nii kX ok

The limites are independent of Xo.

=exp E Inke + FN O; 14)k a.s.

proof:  The proof is similar to the proof of Proposition 1
using the fact that kX k and kg2 + N (0;14)k are in-
dependert (from Lemma 2). O

The proposition implies that almost sure convergence of
Xn toward zero will occur for all such that

E Inkei+ —N (Oila)k <O0: (22)

Additionally Eq. 22 givesthe convergencerate for E (In( kX » k)):

Pr oposition 4. For the algorithm de ned in Eg. 15 with
E(In(kXok)) < +1 , the expectation of In(kX k) okeys

%(E(In (kXnK)  In(KXok)) (23)
= E Inke + FN (O;|d)k

proof: We take the logarithm of Eq. 16, use the result of
Lemma 1, and take the expectation. O



The convergencerate of Eq. 23 is re ected by the slope of
the decreasingstraight line in Fig. 2.

When convergencein mean occurs, we did conclude from
the positivit y and the martingale property implied by Eq. 17
that almost sure convergencetakes places. This can be de-
duced as well from Jensen'sinequality implying that

INE ke; + FN ©O;149)k > E Inke; + FN O;14)k
Motiv ated by Eq. 21 we suggestan alternativ e progress

rate de nition relating more to what is actually observed in
single runs:

kX n k

©o=dE | Xn
n=dE gk X0

(24)

where we did multiply by d to have the samenormalization
as' . Wereferto ', aslog-progressin the following.

4. FINITE DIMENSION PROGRESSES

We will now quantify on the spheremodel the di erences
of progressde nitions and formulas and evaluate their pre-
dictiv e power in terms of actually obsered convergence of
the ewvolution strategy. For this we simulate the classical
progressrate ' using the relation

" =d 1 E ke + FN 0;1a)k ; (25)

and the log-progressrate represerting the convergencerate
for almost sure convergenceusing the relation

n= dE Inkei+ —N (0jla)k (26)

a consequenceof Lemma 2 substituting in Eq. 24. We usea
Monte Carlo sirﬁu_lation of the expectations with empirical
averagesof 10°= d samplesfrom the random variables ke; +
<N (O;la)k and Inkeyr + N (0;14)k respectively.

Figure 3 shows the results for dimensionsd = 3;10; 30 in
comparison with the progress rate approximation formula
: c1. 0:5 2 and its re nements Eq. 3.242and Eq.
3.241 from [3] (respectively lower and upper light line). For
larger dimensionsall graphs becomequite similar within the
shown range (for larger  they still disagree signi can tly).
Already for d = 10 Eq. 3.241from [3] and ' |, are in a good
agreemen, while for d = 3 the deviations are remarkable.

Toconrm the relevanceof ' |, we simulate the algorithm
of Eq. 15 for = 3:133 and 3:516, where d = 3. These

-values are shovn as onthe ' = 0 axis in Fig. 3, upper
left. Only for the ' |, measurethe value is positive for the
smaller  and negative for the larger one. Figure 4 shows
ten realizations for the two  -values respectively (crimp ed
lines) for d = 3. The nal norm valuesfor the smaller  are
smaller than 10 2, relating to positive progress, while the
nal values for the larger  are larger than 10%°, relating
to negative progress. This outcome is predicted only by the
progress graph of ' |, in Fig. 3. The results for d = 10 are
similar (not shown).

Besidesthe ten realizations for the smaller the 10 °,
10 %, 05,1 10 3 and 1 10 5-quantiles of 25 10°
realizations are shown in Fig. 4 (lessercrimp ed lines) for d =
3. Thesegraphs are estimates of the cumulativ e distribution
function of X, for the probabilities given by the quantiles.

0.5

0.5

1

1 0

10 10
S*

Figure 3: Mon te Carlo simulation of ' and ', (re-
spectiv ely lower and upp er dark graph with crosses),
the classical progress rate appro ximation form ula
Ci; 0:5 2 (thin dark line) and two re nemen ts
of the form ula (related to ' ) conferring to Eq. 3.242
and Eq. 3.241 from [3] (lower and upp er light line,
resp ectiv ely), for dimensions d= 3;10;30. While for
large dimensions a good agreemen t between the dif-
ferent progress lines is observ ed, the graphs deviate
considerably for small dimensions.
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Figure 4: Tw enty realizations of the algorithm from
Eqg. 15 with = 5, ten for = 3133 and ten for

= 3:516, where dimension d = 3, and kXok = 1.
The lesser crimp ed lines depict for some time steps
the 10 ®,10 %, 05,1 10 %, and 1 10 ®-quan tiles of
2:5 10° realizations. For example, the lowest line is
an estimate for x(n) where P (X, < x(n)) = 10 5.

5. ASYMPTOTIC ESTIMATION OF PRO-
GRESSES

The simulations shown in Section 4 suggestthat for high
dimension or sucien tly small  both' and' , converge
to the samevalues. We formalize this result in Theorem 1
stating that asymptotic estimations of' and' ,, (zero or-
der in 1=d and second order in ) are equal. The proof
relies on the following proposition stating that asymptoti-

cally in the dimension, N; + 53kN k? (where N, isthe rst
coordinate of the selected vector) convergesto Ni. + —-
where N1. is the minimum of normal distributions. This
result is useful to derive rigorously asymptotic estimations
of ' and, to the best of our knowledge, here proven for the

rst time.

Pr oposition 5. Let N; be the rst coordinate of the se-
lected vector N (implicitly) de ned in Eq. 13. The following
holds:

dIlllm N; + EKN k= Ni. + 5 a.s. 27)

where N;. = minfNgy;:::;N g is the rst order statistics
among normal random variables.

dIlllm E N1+%kN k" = ¢, + > (28)

where ¢;; = E(Ny. ) is called progress coe cient [6, 3].
pr oof: Let (N"); ; be independent normal ran-
dom vectors with mean zero and covariance matrix identit y.
For1 j d, let (N/)1 i denote the coordinate j of
(NH1 i . The equation

2 _ ; N2
kep + FN ke = min fke; + dN k°g (29)

can be rewritten as

1+ FkN k2 + 2N, (30)

1+ — —kN'KZ+ 2N! :

= ,mn d d

which implies that
kN K2+ 2N, = _min kaNik2+ 2Nig : (31)

. P .

Moreover for all 1 i L kN'K? = jdzl (N/)? is the sum
of d independert random variables with nite expectation.
With the Strong Law of Large Numbers

1

deikZ = E(N})?) = 1 as.

lim
dr

and therefore —kN'k? + 2N} converges almost surely to
+2Nj and miny ; f—kN'k?*+ 2Njg convergesalmost

surely to
min f o+ 2Njg=  + 2Ni.
|
where N;. is the rst order statistics among normal dis-
tributions. With Eq. 31, we obtain that
Jim FkN k®+ 2N; = + 2Ni. as. (32)

In addition, —kN k? + 2N, is uniformly integrable since
E(kN k?) E( max Dood o (33)
|

where | are chi-squared distributions and

E(jN1j) E(lmvax iNij) < +1 (34)
I
Therefore
. 2 —
dIlllm E FkN k“+ 2N, = + 2E(N31. )
= 2C1;

O

Theorem 1. For a(1; )-ES on the sphere model, a zero
order in 1=d and second orderin ~ approximation of' and
"' n IS given by:

3
o 3 rro U (35)

where ¢c;. = E(Ni. ) = E(N . ) is the expectation of the
largest order statistics among normal random variables.

pr oof: Let N; and Ny ; be respectively the rst and
last d 1 componerts of the selectedvector N (0;14). We
decompose the vector ke; + N (0;14)k in the following
way.



ke, + FN O;14)k

2 1=2
= (1+ FN1)2+ i kNg 1k
2 2 P ez
= 1+ ZFNl + F (N1)2 + F kNd 1k2
2 L
= 1+2—N;+ — kN K
d * d

We use (1 + h)**2 = 1+ Ih+ O(h?) to obtain:

kes+ —N (0;1a)k (36)

= 1+ N+ —sz k2+O(( )3)
d ' 2 d d?

We take the expectation of both sidesand use Eq. 14:

©o= E N;+ —kN K

()3
2d O

Using Proposition 5 we obtain

() ()
2 *O0

= c

To obtain an estimation for ' |, we take the log in Eq. 36
using the fact that In(1 + h) = h+ O(h?):

1 PN k2ol )
FN1+§ T kKN k“+O( 7 )
We now take the expectation of both sidesand multiply by
d:

In ke + FN ©O;l1g)k =

dE Inker+ —N (Oilak =

()
d

E(N;) + ( )Zz—ldE kN k> +0

Using Proposition 5 we obtain

() ( )®
2 "9 3

n = Cg;

O

The main reason why both models asympto‘gically agreeis
th%correspondenceof the Taylor expansions 1+ h 1and
In" 1+ hinh=0.

6. PRACTICAL RELEVANCE

An important and challenging task in Evolution Strategies
isto nd an e cien t method to adapt the step-size. Seweral
techniques have beenintro duced for this purpose. The rst
work in this direction is the one- fth-success rule [6] where
the step-sizeis adapted basedon the rate of successfuimuta-
tions. Then self-adaptation was proposed, where the step-
size is mutated and selected according to the individuals
tness [8]. Cumulativ e path length control was intro duced
to overcome certain shortcomings of self-adaptation and is
implemented in the CMA-ES [5].

One may question the relevance of the scale-irvariant al-
gorithm where the step-size is chosen proportional to the
distance to the optimum, klf”k; becausein practice the
location of the optimum is not known and is not used in
algorithms that adapt the step-size. First we provein Theo-
rem 2 that the convergencerate of the scale-irvariant (1; )-
ES assciated to an optimal choice of (denoted ) is
the optimal convergencerate for adaptive (1; )-ES. Second
we argue that the adaptiv e techniques mentioned above do
achieve, on the sphere function, an adaptation where the
step-sizeis proportional to the distance to the optimum.

We consider a (1; )-ES minimizing f : RY ! R* where
an adaptiv e step-size method is implemented:
n _ o
Yo+ = arglmin f Yo+ aN'(0;lq) ; (37)
|

where the random variable , denotesthe step-sizeat gen-
eration n.

Theorem 2. Letf :RY! R* bea tness function with
an unique glokal optimum Xxqpt and without loss of geneml-
ity Xopt = 0. Let Yy 2 RY be dened as in Eq. 37, where
( n)n2n is a sequene of strictly positive random variables
and the random vector Yo is zero only with zero probability
and E(In(kYok)) < +1 . Then the following holds

'In( ):'In( opt)
d d

E(nkYnk InkYns1KjYn; n) max

where ' |, is de ned in Eg. 24 and
"n( )= dE Inke; + FN ©O;la)k

holds.
This bound is reached on the sphee function for

opt

n

T dkXnk
pr oof: BecausekYn«1 k  ming i kY, + oN'(0;lq4)k
we obtain:
E(n kYnk InkYn:i1 KjYn; n)
E InkYok In min KYy + aN'©; 1)k jYa: o

1
= E In  min kY—”+ — N0 1)K jYa: n
1 kYnk  kYnk ’ '
_ . n in. o
= E In 1miln ke, + —kYnkN ©O;1a)Kk jYn; n

maxE  In min ke + N'(0;14)k
|
' In( opt) D
d

The previous theorem states that the optimal adaptation
scheme (on the sphere) chooses / kXpk asin the scale-
invariant algorithm and = opt- One can argue that
in practice it is not possible to choose the step-size pro-
portional to the norm. Simple experiments on the sphere
show the contrary: with all adaptive techniques mentioned
above, InkY,k and In( ,) decreaselinearly* at the same

4Becauseln kY, k and In( ) are random variables, the linear
decreaseis superposed by stochastic deviations as can be
obsened for instance in Fig. 2.



rate. Moreover this property is proven for self-adaptive
schemes, where kY, k= , admits a stationary measure and
converges\fast" to this measure, and su cien t conditions
for ensuring this are derived [2]. As a corollary, the linear
convergenceof In kY, k and In( ) is deduced [2]:

. 1 . 1

lim =InkY,k= Ilim =In ,=c¢

n!l n n'l n
where c is expressedin terms of the stationary distribution
of kYnk= 4.

7. SUMMARY AND CONCLUSION

In this paper we have investigated the limits of the pre-
dictions basedon the classical progressrate. We showv how
the de nition of progress' in Eq. 1 is related to the con-
vergenceof the scale-invariant (1; )-evolution strategy on a
spherical tness function asde ned in Eq. 15: using

KXnu k= kXnkker + =N (Oilo)k ;
we get

E(kXnk) ="
E(kX 0k)

where the coe cien t

= E ke + FN ©O;la)k (38)

d
determines the convergenceor divergencein mean. From
Eq. 39 we seethat positive progresscorresponds to conver-
gencein mean and negative progressto divergencein mean.

Convergencein mean and almost sure convergenceare not
equivalent. In reality single samplesof the algorithm are ob-

served and thus almost sure results re ect what we obsene.
Almost sure convergenceis given in Proposition 3 by

E ke + N Oila)k =1 (39)

. KXok " _ _
nI!|lm KXok = expE Inke; + FN ©O;lg)k as.;
(40)

where the sign of the coe cien t
E(nker+ N (O;la)k) = (41)

determines whether almost sure convergenceor divergence
holds. Equations 40 and 41 suggestthe de nition of a new
progressrate, the log-progress

kXn k

N P ALLIIE VI
n=dE gk X0

(42)
and the replacemert of (1 ' =d)", as a (deterministic)
model for the sequencekX , k=kX ok, by the almost sure con-
vergencerate

In .
exp g : (43)
According to Eq. 41 and Eq. 39 there exists step-sizes

where divergencein mean occurs, i.e. 1 ' =d > 1, while
almost sure convergencetakes place, i.e. exp( ' ,=d) < 1.
One simulation of this phenomenonwasgivenin Fig. 2. That
means there exists step-sizes(close to the right border of the
evolution window) for which the progressrate ' is negative
but almost sure convergene is observe (and ' |, is positive).

We show that the zero order in 1=d and secondorder in
estimations of * and ' |, coincide (Section 5).

We come back to our simple example from Section 1,
where the algorithm oscillates betweentwo points and kX , k
equalsl for evenn and 0:5 otherwise. Using the new progress
de nition Eq. 42 the quantity In(kX,k=kX,+1 k) equals to
In(2) for even n and In(2) for odd n, re ecting well that
the algorithm is not stepping aheadin time.

Many of our results are basedon the scale-irvariant algo-
rithm from Eq. 15, where the step-sizeis chosenproportional
to the distance to the optimum. Given = the scale-
invariant algorithm running on the spherefunction achieves
the maximum possible log-progress and the fastest conver-
genceto zero for the (1; )-ES (Theorem 2 ). While in the
scale-invariant algorithm , / kX,k is chosen, theoretical
and empirical results reveal that this seemingly unrealistic
setting turns out to be what is approximately achieved by
realistic and well-known adaptiv e techniques: kX » k=  con-
vergesto a stationary measures.

We conclude with three nal remarks.

The convergenceresults that we provide do not only
state convergencebut are assaiated with convergene
rates. Therefore they give insights into the nite time
behavior and they are a realistic measureof e ciency .

The log-progressrate corresponds to almost sure con-
vergenceand achieves correct convergencepredictions
even in nite dimensions for any unimodal spherical
tness function. It can be usedasan empirical perfor-
mance measure using Monte-Carlo integration. Any
analysis aiming at nite dimensional progress rates
should use as a starting point ' |, rather than ' to
re ect more what is actually observed in single runs.

The theory of progressrates and the log-progress’ |,
is not con ned to the spherefunction alone but can be
naturally extended to any function f(x) = g(x"Hx)
with Hessianmatrix H and a strictly increasing func-
tion g:R" ! R. The norm in the progressde nition

is then replaced by the respective Mahalanobis metric.
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